A finite graph which is locally a dodecahedron  by Vanden Cruyce, Patricia
Discrete Mathematics 54 (1985) 343-346 
North-Holland 
COMMUNICATION 
343 
A F INITE GRAPH WHICH IS LOCALLY  
A DODEC~RON 
Patricia VANDEN CRUYCE 
D~partement de Math~matique, Universit~ Libre de Bmxelles, B-1050 Bruxelles, Belgium 
Communicated by J. Doyen 
Received 24 October 1984 
We give the first example of a finite graph all of whose neighbourhoods of vertices are 
isomorphic to a dodecahedron. 
1. Introduction 
Let F be an undirected simple graph. For any vertex v of F, the neighbourhood 
of v, denoted by F(v), is the subgraph induced by F on the set of all vertices of F 
adjacent o v. The graph F is said to be locally a polyhedron ff and only ff the 
neighbourhood of every vertex v of F is isomorphic to the 1-skeleton of some 
given 3-dimensional convex regular polyhedron (the 1-skeleton of an n- 
dimensional polytope P is the graph consisting of the vertices and edges of P). 
The problem of classifying all connected graphs which are locally a tetrahedron, 
an octahedron, a cube or an icosahedron has been completely solved recently. 
Here is a brief survey of the results (the first two are extremely easy to prove). 
Result 1. If F is a connected graph which is locally a tetrahedron, then F is 
isomorphic to the complete graph Ks (i.e. the 1-skeleton of the 4-dimensional 
hypertetrahedron). 
Result 2. If F is a connected graph which is locally an octahedron, then F is 
isomorphic to the 1-skeleton of the 4-dimensional hyperoctahedron. 
Result 3 (Buset [2]). If F is a connected graph which is locally a cube, then F is 
isomorphic either to the 1-skeleton of the 24-ceU or to the complement of the 
(3 x 5)-grid. 
Result 4 (Blokhuis, Brouwer, Buset, Cohen [1]). If F is a connected graph which 
is locally an icosahedron, then F is isomorphic to the 1-skeleton of 
(i) the 600-cen, 
(ii) the 300-cell (obtained from the 600-cell by identifying pairs of opposite 
vertices), or 
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(iii) the 200-ceU (obtained from the 600-cell by identifying certain triples of 
vertices). 
The classification of all connected graphs which are locally a dodecahedron is 
still an open problem, far from being solved. Contrary to the previous cases, there 
are infinite examples of such graphs [4, 8]. Moreover, it follows from Tits' local 
approach [7] that any connected graph which is locally a dodecahedron can be 
viewed as a quotient of some Coxeter complex. In this paper, we describe the first 
example of a finite graph F* which is locally a dodecahedron. 
2. ~met ion  
It is well known [5] that the group PSL(2, 29) of all unimodular projectivities of 
the projective line PG(1,29) contains two conjugacy classes of subgroups 
isomorphic to the alternating roup As. Let A(51) and A(52) denote these two 
classes of subgroups. The vertices of the graph F* will be the 203 subgroups 
belonging to A(s x), two vertices V, V'~ A(5 ~) being adjacent if and only if 
(1) Vf'l V'~7/3, 
(2) there exists V"~A(5 x) such that VN V"~Z5 and V'N V"~7] s 
(note that the same construction applied to the class A(52) instead of A~ ~) would 
give a graph isomorphic to F*, because the group PGL(2, 29) interchanges the 
two classes A~ 1) and A(52)). 
The parameters of F*, obtained with a computer using the CAYLEY program 
[3], are given in Fig. 1. 
The automorphism group of F* is isomorphic to PSL(2, 29), acts primitively 
on the vertices of F* and transitively on the edges. In Fig. 1, Oi (i = 1, 2 , . . . ,  7) 
denotes the ith orbit of the stabilizer of V in PSL(2, 29) on the vertices of F* 
distinct from V. 
Proposition. The graph F* is locally a dodecahedron. 
Proof. Let VeAl5 x) be a vertex of F*. The subgroup V may also be viewed as 
acting on the vertices of F* by conjugation: if x ~ V, then x maps the vertex V' 
onto the vertex V" if and only if xV'x -~= V". Moreover, the subgroup V is the 
stabilizer of the vertex V in PSL(2, 29) and V acts transitively on O1 = F*(V). As 
shown in Fig. 1, F*(V) is a regular graph of degree 3 on 20 vertices. Using 
CAYLEY, it is a routine matter to check that F*(V) contains no triangle, so that 
the following lemma ends the proof. 
Lemma. Let F be a regular graph of degree 3 on 20 vertices. If Aut(F) contains a 
subgroup V---A5 acting transitively on the vertices of F, then F is either the 
1-skeleton of a dodecahedron or the disioint union of 5 complete graphs K4. 
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Proof. Since V is of order 60 and acts transitively on 20 vertices, the stabilizer V v 
of any vertex p of F in the group V is the cyclic group 7/3. Moreover, Vp fixes 
exactly 2 vertices of F (indeed, V contains 10 subgroups Z3 which, being 
conjugate in V, fix the same number [ of vertices of F; counting in two ways the 
number of ordered pairs (Z, v) consisting of a subgroup Z---Z3 in V and a vertex 
v fixed by Z, we get 10[= 20 and [= 2). Therefore, Vp is transitive on the 3 
vertices of F(p),  and so V is transitive on the 2-claws of F. The transitivity of V 
on the vertices of F implies that all connected components of F are isomorphic 
and have the same number n of vertices, where n is obviously a divisor of 20. 
Let g be the girth of F. Suppose that g>5 and let p-~q be two adjacent 
vertices of F. Since V acts transitively on the vertices, there is an element i e V 
such that i (p )= q. Such an element is necessarily an involution because if i were 
of order 3 (resp. 5), F would contain the triangle p ~ i (p ) - i2 (p ) . - -p  (resp. the 
pentagon p -  i(p)--i2(p) ~ i3(p) ..- i4(p)-~p). If x e Vp is an element of order 3, 
then/x(p) = q and/x is an involution of V distinct from i. It follows that ixi fixes p 
and generates Vp. Since ixi fixes q, this contradicts the transitivity of V v on F(p). 
Therefore, g ~< 5. 
If g = 3, each 2-claw is contained in a triangle and F has 5 connected 
components isomorphic to/(4.  
If g = 4, since F is regular of degree 3, each 2-claw is contained in at most 2 
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quadrangles. The only connected graph with degree 3 and girth 4 such that each 
2-claw is in a unique quadrangle is the 1-skeleton of the cube and, since 8 ~ 20, F 
has no such connected component. Therefore, each 2-claw is contained in exactly 
2 quadrangles and it follows easily that every connected component of F has 6 
vertices, a contradiction since 6 ~ 20. 
If g = 5, either F has two connected components having 10 vertices each or F is 
connected. In the first case, F is the disjoint union of two Petersen graphs P1 and 
P2 because any regular graph with degree 3 and girth 5 on 10 vertices is 
isomorphic to the Petersen graph. Let V1 be the subgroup of V stabilizing Px. 
Since V acts transitively on F, Vx acts transitively on P~ and so 10 divides the 
order of Vt. Therefore Vt is isomorphic to the dihedral group D10 of order 10. 
On the other hand, V contains an element of order 3 fixing a vertex of P~; such 
an element belongs necessarily to V1, a contradiction since D10 has no element of 
order 3. In the second case, F is a connected graph of degree 3 and girth 5. Each 
2-claw is contained in exactly one pentagon (otherwise, since F is regular of 
degree 3 and has no quadrangle, each 2-claw would be in exactly two pentagons 
but, given a vertex p and using the action of Vp on F(p), it is easy to show that 
the connected component of p would be a Petersen graph, contradicting the 
connectedness of F). It follows from a result of Perkel [6] that F is isomorphic to 
the 1-skeleton of the dodecahedron. [] 
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